Abstract-Cepstrum based image registration has been largely overlooked over the past two decades. Initial investigation of the method was limited to alignment of images exhibiting only translational differences. Later attempts to extend the method to handle rotations proved disappointing. This paper presents a cepstrum-based registration method that provides performance comparable to the state of the art over a wide range of scale factors and rotation angles, with reduced computational load.
INTRODUCTION
Image registration is the process of aligning two more images of the same scene taken from different perspectives. In the simplest case these images may be displaced relative to each other but they can also exhibit relative scaling and rotation or projective transformation. For many applications that require image data fusion such as creating image mosaics, remote sensing, medical imaging, stereo matching, global motion estimation, and computer vision etc, image registration is a fundamental step. Different image registration techniques have been developed to meet the different constraints and requirements of each of these applications areas.
Registration techniques can be broadly classified into those that characterise the problem as one of feature matching or of correlation. Feature matching methods essentially consist of detecting isolated features in images that are matched with corresponding features across other images to form control points from which a transformation model can be estimated. In practice there are a wide variety of methods to perform each of the steps as surveyed by Brown [ 1] and Zitova et al. [2 ] . Alternatively, correlation methods approach the problem by attempting to match image textures (areas) rather than a set of specific features. This matching may be performed using crosscorrelation in the spatial domain, phase-correlation (PC) in the frequency domain or other suitable methods.
Correlation is often preferably performed in the Fourier Domain since using the convolution theorem it is more efficient to perform multiplication in the Fourier Domain rather than cross-correlation in spatial domain. The Fourier Shift property also provides translation invariance. While phasecorrelation by itself only permits translation to be estimated, remapping the images from the Cartesian to log-polar coordinates as in the Fourier-Mellin Transform [ 3 ] permits rotation and scale parameters to be estimated from the resulting images by means of phase-correlation. Aside from being in principle robust, phase correlation based techniques are also fast and require constant processing time.
Yet in spite of these advantages, border effects and rotation induced aliasing hampers the effectiveness of FFT based schemes. This limits the ability of these schemes to recover higher scale factors and wide rotation angles [5] . While these unwanted effects can be reduced through windowing and filtering, this removes the image frequencies that these methods require to perform well [4] . Some have even suggested that "FFT based schemes are unable to handle real-world registration problems" [5] . Recent proposed solutions to these problems such as hierarchical, nonlinear, least squares optimization [5] avoids the use of the FFT altogether. Yet while it is robust, it is also fairly slow. A more recent solution making use of normalized gradient correlation (NGC) [6] while slower than phase correlation is considerably faster than least squares optimization while providing comparable performance.
There is however an alternate approach for image registration that has been largely overlooked in the literature. This follows the analogous problem of finding echoes in signals that is typically solved through homomorphic analysis by using the cepstrum [7] . The cepstrum's main appeal is that it requires one third fewer FFTs to be performed than phase correlation. While the cepstrum was first introduced in 1963, [ 8 ] its popularity in the signal-processing domain has not extended into that of image registration. Early attempts to apply cepstral analysis to image registration demonstrated that it was limited to image pairs exhibiting only translation and small rotations (<2 degrees) [ 9 ] . Most of the work that followed was limited to applications with translational disparities alone, such as optical flow analysis [ 10 ] , the removal or enhancement of echoes in images [11] , determining in conjunction with fuzzy clustering, the translational displacement for registration of multi-sensor images [12] . More recently, Sarnel [13] proposed registration of translated images by applying the cepstrum to the 1-D projections of images along the x and y-axis. A rotation extended version of the cepstrum making use of histogram stretching, sobel filtering and polar mapping was proposed [ 14 ] but the authors demonstrated that it had inferior performance to simple crosscorrelation based methods. No further investigation of the application of 2-D cepstrum for image registration appears in the literature. This paper presents a cepstrum-based approach that is both faster than and gives comparable results to the state of the art image registration methods. ( ) ( ) ( )
Taking the 2D Fourier Transform of both sides of (3) and applying the shift theorem results in:
Taking the logarithm of both sides of (5) and using the product rule to separate the RHS results in: (6) This expression (6) can be simplified using the Taylor series expansion of log (1+x) that converges for |x| < 1
Expanding the second term on the RHS in (6) according to (7) and writing the series as a summation gives: Applying the inverse Fourier transform to both sides of (9) and substituting for the definition of the cepstrum (1) and applying the Fourier shift theorem one obtains:
The location of the dirac delta given as [t x , t y ] T in (10) gives the displacement of f 2 relative to f 1 .
B. Rotation and Scale Estimation Using Cepstrum
Let f 1 (x,y) and f 2 (x,y) be two images where
and where f 2 is a scaled and rotated replica of f 1 by a scale factor s, and rotation angle ș such that f 1 and f 2 are related by the following transformation:
(11) Taking the Fourier transform of both sides of (11) and using the Fourier translation, scaling and rotation theorems:
Taking the magnitude of both sides of (12) such that G i = |F i | and ignoring the weighting factor S 1 gives:
Denoting the Cartesian coordinates (u, v) on the RHS of (13) in terms of the polar coordinates (r, ĳ) by substituting for u = r cos ĳ and v = r sin ĳ, one obtains:
Applying the product to sum trigonometric identities gives: 
Taking the logarithm of the first variable in (16) permits the division to be converted into a subtraction: (17) gives:
(18) The rotation and scaling difference between G 1 and G 2 can now be recovered in the polar coordinate system using the cepstrum method as if it were translation in Cartesian space using the method outlined in section 2.1.
III. CEPSTRUM BASED IMAGE REGISTRATION

A. Translation only
To recover the translation vector T = [t x , t y ] T between an N x N image f 1 and another displaced version f 2 of the same scene, the two images are superimposed and added and the 2-D cepstrum calculated. The resulting image ) , ( y x h exhibits a strong DC term and other low quefrequency components common to the individual input images as well as a peak at the coordinates representing the location of one image relative to the other. Given a sufficient signal to noise ratio, the recovery of the displacement peak is possible as the highest magnitude quefrequency component after suppressing these common quefrequencies. These may be explicitly suppressed via a high pass filter (19) with a narrow stop band as shown in Fig.1 . In either case, due to the symmetry of the FFT, the cepstral peak will be mirrored about the DC term as can be observed in Depending on the reference image only one of the two vectors is correct. This ambiguity can be resolved in a variety of ways including inverse transforming image f 2 according to both translation vectors and then selecting the vector T i producing the smallest residual error İ i relative to the reference image f 1 using either the mean square error (MSE) or the sum of absolute difference (SAD) metrics as defined as: 
B. Rotation and Scaling
Recovery of the rotation and scaling factors between two images, related to each other as given in (11) requires the source image representations to have the same centre of rotation and scaling, as both are sensitive to the local origin around which they take place. This is achieved by taking the magnitude of the Fourier transform of the sources images as the first step. The source images are then added together and the result remapped into the log-polar domain such that rotation becomes horizontal shifts and scaling becomes vertical shifts.
Following the work reported in [6] the conversion from Cartesian to Log-Polar form is performed using bilinear interpolation by resampling the magnitude of the N x N FFTs on an N/2 x N/2 log-polar grid using the following mapping of a source image f(x,y) in the Cartesian space into the log-polar domain g(ȡ, ĳ).
Where the variables Į and ȕ are given by: Simplistically the next step is to use the angle and rotation recovered in (24) to geometrically align the second image and then apply the cepstrum again using the aligned and the reference images to recover any relative translation between them. In practice before this can be performed the polarity of each of the rotation and scaling factors relative to the reference image needs to be resolved. To achieve this, four inverse geometric transformations (±ș, ±S) need to be applied. Unlike the translation only case, the correct transformation cannot be identified simply as the one giving rise to the least residual error as any unresolved translation will affect the residual.
Accordingly it is necessary to either simultaneously resolve any translation and the polarity of the rotation and scaling factors or to resolve the polarity by using translation invariant representations. Using the Fourier shift property permits the second case to be used by taking the FFT of the four inverse transformed images and comparing them to the FFT of the reference image (that was obtained previously). Finally the translation can be recovered as described previously.
C. Computational Complexity
Assuming that (19) was used to suppress the DC-term, registration of images that have been rotated, scaled and translated requires a total of ten real Fourier Transforms. Four for obtaining the log-polar cepstrum, another four for resolving the scale and rotation polarity, and two more for recovering the translation vector. This compares favourably with NGC that requires fourteen real and complex FFTs in total, eight for recovering the rotation and scale and another six FFTs for the translation
D. Enhancing Registration Performance
In principle the proposed scheme is robust and able to recover arbitrary scale and rotation factors, however in practice a number of matters conspire to reduce the effectiveness of this approach. Spectral leakage due to the image borders at the outset reduces the overall signal to noise ratio. This problem is typically alleviated through the application of a window function. The proposed scheme benefits from windowing of the initial source images and the log-polar transformed image.
Another problem area is due to the frequency distribution of the spectrum of a typical image tending to approximate a Dirichlet kernel centred about zero. Hence, even after zeroing the DC term or high pass filtering, succeeding processes are still heavily influenced by the lower frequency components in an image. Accordingly it is easy for low frequency noise to dominate over higher frequency signals of interest. This is particularly a problem with image registration that relies on the presence of high frequencies in images from sharp edges to accurately fix the location of one image relative to the other. This problem may be alleviated through the use of spectral whitening techniques such as the application of a logarithmic function or taking the square root of the spectral image or by modified unsharp masking.
In the section that follows, the effectiveness of these enhancement methods for improving the performance of cepstrum-based registration are investigated for a wide range of test images. Based on the outcomes of those results the specific details of the cepstral registration algorithm were finalised as: (23), obtain H the log-polar transform of G 5. Obtain J the cepstrum of H using (1) 6. High pass filter J using (19) 7. Apply modified unsharp masking to J using (25) 8. Recover the rotation angle and the scale factor S from the cepstral peak using (24) 9. Obtain the FFT of inverse transformed replicas of I 2 and resolve the directional ambiguity using (21) 10. Recover the translation component via locating the cepstral peaks in the cepstrum of the sum of I 1 and the inverse transformed I 2
IV. EXPERIMENTAL RESULTS
The performance of cepstral image registration was extensively evaluated using two captured image datasets and another dataset consisting of geometrically transformed replicas of three different 512x512 images. (Lena, goldhill and washsat). Each test image was replicated a total of 9000 times using a different combination of translation, scaling and rotation factors. This resulted in total of 27,000 different image pairs where the scale ranged from 0.0625 to 7.25 in 35 logarithmically uniform steps. The rotation ranged from ± 180 degrees in 15-degree steps and ten different translation vectors were used based on the scale factors.
A. Generated Dataset Results
The first experiment using the generated dataset evaluated the performance of the cepstral registration technique using a preliminary Hamming window prior to the log-polar transform, as well as high pass filtering (19) in the first stage to suppress the DC term and other common frequencies prior to the cepstrum calculation and cepstrum subtraction (20).
Of the 27,000 image pairs it was found that only those with scale factors from 0.625 to 1.938 were reliably resolved. For the purpose of these experiments this was determined as those scale factors producing an average error of less than 25%. The value of 25% was chosen rather arbitrarily since error distribution tends to be a step function: where the scale factors can be recovered the error is typically below 1% and where they cannot the average error is around 70%.
The average scaling error, across the entire dataset was 63% and the average rotation error was 62.7 degrees. This baseline algorithm gave results that were comparable to the phase correlation method presented in [3] that was able to recover scale factors up to 1.8 and rotation angles of up to 80 degrees.
The effectiveness of high pass filtering (19) in place of second stage cepstrum subtraction was then evaluated. This slightly improved performance. Scale factors were reliably recovered down to 0.563 and the average scaling and rotation errors for the entire dataset were reduced to 57% and 57.2 degrees respectively.
The effect of spectral whitening was then investigated in place of the first stage high pass filter through the use of a log function. High pass filtering was used to remove the DC term in the first stage. This further improved the recovery of scale factors to those within the range of 0.375 to 2.56. It also reduced the average scaling error over all possible image pairs down to 45% and the average rotation error to 45.7 degrees.
In contrast the use of spectral whitening in the second stage negatively impacts the overall performance. This was the case when both logarithmic and milder square root power function were applied. Yet it is clear from inspection of the cepstrum that at higher scale factors that the amplitude of the cepstral peak is reduced relative to that at lower scale factors causing it to be swamped by mid to low frequency noise. To combat this a modified form of unsharp masking was used to emphasize the high frequency components. This entailed subtracting a smoothed version of the cepstrum from itself by multiplying the cepstrum with the following filter (27). At this point it was decided to evaluate the sensitivity of the method to the resolution of the log-polar transform by subsampling it by a factor of two. This improved the scaling recovery by 8% on average but reduced the rotation recovery by 10%. While the range of scale factors recovered improved from 0.187 to 5.06 the rotation factors were less reliably recovered. Also, the resolution dependence of cepstral image registration was evaluated on the same 27,000 pairs of images at reduced resolutions of 256x256 and 128x128. As is the case with NGC, the performance was reduced with lower resolution.
B. Comparative Assessment
The state of the art in image registration is arguably the NGC method that boasts recovery of scale factors up to 6.0. The NGC method has been extensively compared to the well known SIFT method as well as other recent methods such as those described in [5] and [15] . Accordingly the NGC results can be used as a benchmark to assess the performance of cepstrum based image registration relative to not just NGC but also to the techniques that NGC has been assessed against.
To perform an accurate comparative assessment against NGC and the proposed method the same software routines were used to perform functions that were common to both. These included FFT related routines, the log-polar transform and other utility functions. While the implementation of the NGC used here followed the description given in [6] , it is likely that the two implementations differ in some small details. For example, single precision floating-point numbers were used in the current implementation. It is likely that any differing numerical results for the NGC method reported from other published ones are due to these differences.
The INRIA dataset [16] and [17] was used to assess the current implementation of NGC and to benchmark the performance of the cepstral method. The results of this assessment are summarised in Table 2 showing the maximum scale factors recovered by each method. The RHS column contains the experimentally obtained results for NGC, with previously reported results in parentheses. As the rotation angles recovered were essentially the same for both methods they have been omitted. Scale is the limiting factor in the performance of both methods. Allowing for rounding errors the experimental results obtained for NGC coincide fairly well with the published ones. The maximum reported scale value reported for NGC could not be replicated in five of the fifteen cases (Belledone, Crolle, Resid, Inria model). There appears to be some error in the reported values for the INRIA case as the ground truth was given as 4.03 and the reported maximum scale recovered was 3.91 whereas the ground truth supplied with the dataset reported a maximum scale factor of 5.88 that was successfully experimentally recovered using NGC. Additionally, while NGC was able to recover the scale factor of 4.35 for the Enismag series of images it was not able to recover lower scale factors of 3.57 or 2.94. Similarly for the Boat series NGC was able to recover a scale factor of 4.35 but not the lower scale factor of 4.01. In comparison the cepstral method was able to match the experimental results of NGC in all but one case (Inria Model), and outperformed it in another case (Crolle).
The limiting factor in the recovery of scale factors with the majority of the images in this dataset was the limited range of scale factors available within the dataset itself. Additionally, the scaling factor interval was quite large in most of the images in each series, permitting only a coarse grain performance comparison. Hence, a second dataset was used containing a much wider set of scale factors. This also ensured that the particular sensitivities of each registration method to the specific characteristics of any one dataset did not skew the performance results. The second dataset consisting of 240 photographs [18] was captured with a 6.0 mega pixel, 12x optical zoom Minolta DiMAGE Z6 digital camera. Each series of images in this dataset contained a range of rotation angles and scale factors exceeding 10:1. Having an average number of 25 images in each series provided an average scaling increment of about 10% for each image. The images were sub sampled to 1024 x 768. The results using this dataset are given in Table 2 . The maximum ground truth scale factor for each image series is given in parenthesis following the image name. Using this dataset, the cepstrum method outperformed NGC in five of the tests. In contrast NGC outperformed the cepstrum only on one occasion (Tractor see Fig.7 ) and both performed equally on the remaining four tests. Neither method recovered the full range of available scale factors. 
V. CONCLUSION
While the cepstrum has been largely overlooked as a technique for image registration for the past two decades, appropriately deployed, it can competently compete against state of the art image registration methods. Not only can it recover the arbitrary rotation and a relatively wide range of scaling factors but with a reduced computational burden. It requires fewer FFTs, (all of them real) than other state of the art methods. It accordingly lends itself to application in environments with limited computational resources, be that memory or processing capability. The cepstrum also shares the benefits common to other Fourier-based methods; constant processing time and robustness to noise.
